The theory of virtual knots is a generalization of the theory of classical knots proposed by Kauffman in 1996. In this paper solutions of certain problems of the theory of virtual knots are given. The first part of the paper is devoted to the representation of virtual knots as knots in 3-manifolds of the form S g × I modulo stabilization. Using Haken's theory of normal surfaces, a theorem is proved showing that the problem of recognizing virtual links is algorithmically soluble. A theorem is proved stating that (any) connected sum of non-trivial virtual knots is non-trivial. This result is a corollary of inequalities proved in this paper for the (underlying) genus of virtual knots. The last part of this paper is concerned with long virtual knots. By contrast with the classical case, the classifications of long and compact virtual knots are different. Invariants of long virtual knots are constructed with the help of which one can establish the inequivalence of long knots having equivalent closures and also that some pairs of long virtual knots do not commute.
Introduction
Virtual knots were proposed by Kauffman in 1996 (see [35] ) as a combinatorial generalization of classical knots regarded as equivalence classes of plane diagrams modulo generalized Reidemeister moves. A modification of the definition consists in the addition of a new type of crossing, called virtual, which is neither an underpass nor an overpass; it can be regarded as a random intersection of two branches of the knot which do not have to intersect but cannot diverge as a result of a local arrangement of the plane. For the generalized moves one considers Reidemeister virtual moves consisting of Reidemeister classical moves and also virtual moves that can be regarded as versions of a single "bypass" move; more precisely, the branch of the knot containing only interior crossings can be removed and resurrected anywhere else in the plane (with the same endpoints). A more detailed description of the theory of virtual knots can be found in [5, 15, 20, 21, 26, 36, 37, 38] . Virtual knots can also be interpreted topologically as knots in "thickened surfaces" S g ×I; the latter is the Cartesian product of a sphere with handles S g and the closed interval I, and the virtual knots are regarded to within isotopy and stabilization of these surfaces, that is, gluing and removal of new "thickened" handles which have empty intersection with the knot under consideration. In [19] Kuperberg showed that every virtual knot has a canonical minimal representation in S g × I with minimal g. 1 A corollary of Kuperberg's theorem is that the classical theory of knots can be embedded in the theory of virtual knots in the sense that two classical virtual knot diagrams are virtually equivalent if and only if they give isotopic knots in the usual sense. The first proof of this fact was given in [7] . In the theory of virtual knots (which is 2 V. O. MANTUROV considerably richer than the theory of classical knots) certain "non-classical" phenomena arise. For example, in the classical case the classification of ordinary (compact) knots coincides with the classification of long knots. This is not the case for virtual knots. Furthermore, long virtual knots do not commute; that is, the connected sum of two long knots K 1 #K 2 is not in general equivalent to the connected sum K 2 #K 1 , and so on. In the papers [20, 21, 22, 25, 26, 35, 36, 37] and in many other papers, numerous invariants of virtual knots have been constructed.
The most widely known (see, for example, [20] ) is the fact that the semigroup of (long) classical knots, defined with respect to a connected sum, has a good structure: classical knots commute, the decomposition of a knot into simple components is unique and finite, and there do not exist inverse elements for non-trivial classical knots.
The aim of this paper is to discuss the connection between long and compact (nonlong) virtual knots.
The construction of this paper is as follows. In the next section we give all the requisite definitions and statements of certain known results.
In the third section we prove that virtual knots are algorithmically recognizable.
In the fourth section we prove some inequalities relating to the genus of a virtual knot (in the sense of Kuperberg) and we prove that there is no non-trivial (long) virtual knot having an inverse, that is, such that the connected sum with it would give a trivial knot. We also study certain questions on long virtual knots.
The fifth section consists in the study of long virtual knots from the algebraic point of view. We construct certain variants of them enabling us, in particular, to show that some pairs of virtual knots do not commute (from which it follows that each of these virtual knots is non-classical). Kauffman's fundamental work [35] is devoted to a detailed discussion of the theory of virtual knots; that paper is a precursor to his book [15] and our work, as well as to the survey articles [16] and [5] . By the diagram of a virtual crossing (or, simply, virtual diagram) we mean a graph of valency four embedded in the plane R 2 , each vertex of which is either classical (in the sense that one branch (of the pair of opposite edges) forms an underpass and is depicted in the plane by a broken line, and the second branch is an overpass), or it is virtual (marked by a circle); see Figure 1 .
Basic definitions and known results
A virtual link is an equivalence class of virtual diagrams with respect to generalized Reidemeister moves (and also planar isotopies); see Figure 2 .
Each of these motions means that the diagram changes locally as shown in Figure 2 ; elsewhere (in the part not depicted in the figure) the diagram can have an arbitrary appearance and is not altered under a Reidemeister transformation.
By a planar isotopy we mean a diffeomorphism of the plane onto itself preserving orientation. a b c Figure 2 . Generalized Reidemeister moves
The moves depicted in Figure 2a are classical Reidemeister moves; the moves depicted in Figure 2b and Figure 2c can be (equivalently) changed by a bypass move, as indicated in Figure 3 . A bypass move is described as follows: an arc containing successively several virtual crossings but not containing classical crossings can be transformed into any other arc with the same initial and end points; at the intersection points of the new arc with the rest of the diagram the knots become virtual crossings.
Figure 3. Bypass
A virtual diagram is said to be classical if it has no virtual crossings; a virtual link is said to be classical if it can be represented by a classical diagram. Historically the theory of classical knots appeared much earlier than the theory of virtual knots; it even goes back to the work of Gauss [6] and Vandermonde, while the combinatorial theory of classical knots was first made systematic by Reidemeister; two classical diagrams give the same classical link if and only if one of them can be converted to the other by classical Reidemeister moves. A natural question about equivalence relations on classical links arises: the classical and the new one defined by means of generalized Reidemeister moves. As it turns out, these relations are the same; that is, virtual Reidemeister moves "do not spoil" the ordinary equivalence of knots (see [7, 19] ). Remark 1. A trivial knot (link) is, as in the classical case, a knot (link) whose diagram has no crossings.
Let K 1 , K 2 be two non-intersecting diagrams of oriented virtual knots on the plane P with the property that some two-dimensional disc E intersects K 1 K 2 in two arcs AB ∈ K 1 and CD ∈ K 2 with opposite orientations; that is, the first arc is oriented from A to B, while the second is oriented from C to D. Here when one goes round the circle ∂E in a clockwise direction, the four points are encountered in the order A, B, C, D. We suppose further that there exists a line intersecting E and not intersecting the diagrams K 1 , K 2 , so that the diagrams K 1 and K 2 lie on different sides of . By the connected sum of the diagrams K 1 and K 2 (denoted by K 1 #K 2 ) we mean the diagram obtained from the diagram of the disjoint sum K 1 K 2 by removing the arcs AB and CD and adding the arcs DA and CB with the orientations of the diagrams K 1 and L 2 extended to the diagram K 1 #K 2 ; see Figure 6 . Note that the connected sum of virtual knots is not well defined. In Figures 4 and 5 we depict two inequivalent connected sums of a virtual trefoil with itself.
The equivalence class of a connected sum of two virtual knots is also not well defined. We will therefore use the term connected sum of virtual knots for any of the connected sums obtained as a connected sum of some of its diagrams.
The disjoint sum L 1 L 2 of two virtual links L 1 and L 2 is defined as the link having a diagram on the plane P that does not intersect some line such that the subdiagram of it on one side of gives the link L 1 , while the subdiagram with respect to the other side of gives the link L 2 . We now turn to a topological definition of virtual knots (which is equivalent to the combinatorial definition given above). We consider an oriented closed two-dimensional surface S g with g handles and the 3-manifold (thickened surface) S g × I, where I is an interval. 2 We shall study the theory of knots in S g × I. As in the case R 3 = R 2 × I, the knots are coded by diagrams -generic projections onto the surface S g , which are four-valent graphs. To recover the isotopy class of the knot at each crossing one has to indicate which branch is the upper one (forming the overpass) with respect to the coordinates given by the interval I. The local transformations establishing an isotopy between knots in the thickened surfaces are the same classical Reidemeister moves as in the case of classical knots in R 3 .
We now project S g onto R 2 (so that the thickened surface S g × I is projected onto R 3 ). If we have a diagram (generic projection) of the knot into S g × I, then, by projecting it onto R 2 , again in general position, we obtain a four-valency graph. Some of its vertices are projections of crossings. We mark them as classical crossings with the same underpass-overpass information as before. The remaining vertices are intersection points of projections of edges (which were not intersected "above"). We mark them as virtual intersections. Definition 1. The underlying genus of an indecomposable virtual link L is the genus g of the minimal surface S g such that the link L is realizable in S g × I.
Remark 2. We note that in the classical theory of knots the genus of a knot, as put forward by Seifert, is widely used: this is the minimal genus of the covering surface. In what follows we shall indicate which genus we have in mind, the underlying genus or the Seifert genus, if it is not clear from the context. The Reidemeister moves occurring on the surface generate precisely the generalized Reidemeister moves for the virtual knots on the surface. Example 1. The virtual trefoil can be represented by a knot in the thickened torus T 2 × I; see Figure 7 .
Furthermore, some of the handles of our surface S g can be superfluous; that is, they have no common points with the diagram of the knot. In this case we can remove them. Conversely, we can add to each diagram of a knot on S g handles that do not affect the diagram so that the corresponding virtual knot is not altered. The addition of handles is called stabilization, and the removal of handles is called destabilization.
These discussions lead to the following well-known theorem; see, for example, [2] . For a better understanding of this result we need to know how to "lift" virtual diagrams from the plane to S g . This can be done as follows. If we have a diagram in the plane (or, which is equivalent, on the sphere S 2 = R 2 ∞), we can add handles in accordance with the location of the virtual crossings. Namely, for each virtual crossing we choose one of the two intersecting branches of the virtual knot, glue to its ends a handle and place this branch between the handles. Thus, on the manifold so obtained, the surface will have one virtual crossing fewer. Here there are four possibilities, depending on which of the two intersecting branches we convert to a handle and where we put this handle -above or below. The second option is inessential, since we construct a formal two-dimensional surface irrespective of what the embedding in three-space is. The addition of a handle along one branch a in fact has the same effect as the addition of a handle along the other branch b (intersecting a in a virtual crossing): we can go from one picture to the other by a composition of stabilization and destabilization (that is, one can consider the addition of both handles and then remove one of them), as indicated in Figure 8 .
The application of the first Reidemeister virtual motion leads to the addition of a handle along which the knot passes with a twist. This means that before the destabilization of such a surface one must first apply a Dehn twist; this fact shows that the surface must be regarded as abstract and one must not fix a system of coordinates (say, give parallels) on it; see Figure 9 .
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use It is easy to see that the motion of a bypass is described as the surgery of several successive handles into one; see Figure 10 . After this the handle must be transferred to another place and partitioned into handles in a new way.
The method of surgery of two successive handles into one via destabilization is depicted in the lower half of Figure 10 .
Remark 3. It is also sometimes convenient to use disconnected surfaces and to allow the decomposition of S g into connected components S k and S l as possible destabilizations. But this happens only in the case when we work with decomposing links. Theorem 2 ([19] ). For each virtual link, represented as a link in a thickened surface, the minimal representation is unique. In other words, for each virtual link K there exists a pair (S min , K min ) -a surface and a link -in S min × I (defined to within homeomorphisms of S min onto itself taking the upper component of the boundary into the upper component of the boundary) such that any other pair (S , K ) giving the same link K can be deformed into (S min , K min ) via destabilization and (S min , K min ) cannot be further destabilized.
In what follows we shall only be dealing with knots (with one component) so that surfaces will be assumed to be connected.
Kuperberg's theorem is also true for the case of tangles, that is, for objects analogous to virtual knots whose diagrams in the plane lie inside a strip Oy ×[0, 1] and the intersection with the boundary of this strip consists of a finite (fixed) set of points: m from the lower side (Oy × {0}) and n from the upper side (Oy × {1}); here the intersections at these points are transversal and inside the strip the diagram looks the same as the diagram of an ordinary virtual knot. We choose as equivalence, Reidemeister moves and homeomorphisms of the strip fixing points in a neighbourhood of its boundary. In this case we say that we have a (virtual) (m − n)-tangle.
We shall return to a detailed discussion of the important special case of virtual tangles, that is, (1-1)-tangles or long virtual knots.
Virtual knots are algorithmically recognizable
Classical links are algorithmically recognizable; this follows from a number of theorems. First, the addition to each classical link (that is not the disjoint sum of a trivial knot and some link) is a so-called Haken manifold (defined below). The main step in the recognition of classical links is the algorithmic recognizability of Haken manifolds. The latter result is a consequence of the work of many mathematicians, among whom one must single out Haken [8] , Hemion [9] and Matveev [29] ; in Matveev's book he gives an impeccable proof of all the main theorems of Haken's theory.
As an application, here we give the main statements of Haken's theory and, based on them, we prove the following result.
Theorem 3.
There exists an algorithm that, given two virtual links L 1 and L 2 (defined, for example, by plane diagrams), determines whether or not they are equivalent.
This theorem was first presented as a preprint; see [27] . We shall need the well-known result that all three-dimensional manifolds can be triangulated. In what follows we shall assume that every three-dimensional manifold under consideration is endowed with some triangulation.
We shall be dealing with three-dimensional manifolds (with boundary) and twodimensional surfaces in them. All our manifolds are assumed to be oriented.
In each triangulated three-dimensional manifold M (perhaps with empty boundary) we consider proper two-dimensional surfaces unless otherwise stated.
Definition 2.
A surface F is said to be proper if F ∩ ∂M = ∂F . One can single out from the proper surfaces the so-called class of normal surfaces.
Normal surfaces are proper surfaces that, roughly speaking, behave normally with respect to the triangulation. In this sense the definition depends on the triangulation, although in what follows the properties of normal surfaces described by us are universal.
Among the normal surfaces we select the class of fundamental or basic surfaces from which all normal surfaces are obtained by applying geometric summation (see [29] ).
The notions of normal and fundamental surfaces generalize to manifolds with a pattern -a graph without isolated points -on the boundary.
The main assertions of Haken's theory of normal surfaces consist in the following:
(1) The set of fundamental normal surfaces is finite and can be constructed algorithmically. (2) For many natural properties a the following assertions hold: if the manifold M has a normal surface F with property a, then there also exists a fundamental surface having property a.
It is clear from these facts that the search for a normal surface having "natural" properties is an algorithmically soluble problem.
Among the properties in item 2 of Haken's main assertions is, for example, the following: the property that a surface F be a sphere giving a non-trivial element of the second homotopy group of the manifold M . Another such property is, for example, the possibility of destabilization for a given representative of a virtual link (see below).
We shall not give a precise definition of a normal surface and a fundamental surface. Our proof of Theorem 3 will be based on Kuperberg's theorem and a number of theorems from the theory of normal surfaces, the proofs of which can be found in Matveev's book [29] .
We shall need some further definitions. A manifold M is said to be irreducible if each embedded sphere in M encloses a ball in M .
We shall use the definition of virtual knots as knots in thickened surfaces M × I considered to within stabilization/destabilization. Here M is a compact (not necessarily connected) two-dimensional surface. Here we require that for each connected component
A realization of a virtual link is said to be minimal if it cannot be destabilized. Thus, in order to compare virtual links one must know how to find their minimal representations and compare them. The algorithm which we give below uses 3-manifolds with a pattern on the boundary (see the definition below) which are connected with virtual links.
We shall use the following definitions and theorems from the Haken-Matveev theory; see [29] .
By a contracting disc for a surface F in a 3-manifold M we mean an embedded (improper) disc D ⊂ M intersecting F on the boundary of the disc, that is,
A (possibly disconnected) surface F ⊂ M is called contractible in one of the following cases:
(1) It admits a contracting disc D such that the curve ∂D does not bound the disc on the surface F .
an arc not cutting off a disc from the surface F ).
Next, a manifold M is said to be boundary-irreducible if for each proper disc D ⊂ M its boundary ∂D bounds a disc in ∂M .
Suppose that we are given a 3-manifold. Then by a pattern (the concept was first introduced by Johansson; see [10] ) we mean a fixed 1-polyhedron (graph) without isolated vertices on the boundary of the manifold (we suppose that this graph is a subpolyhedron of the fixed triangulation).
The existence of a pattern on the boundary does not change the definition of an incontractible surface nor that of an irreducible manifold.
The concepts of boundary-incontractible surface and boundary-irreducible manifold generalize to the case of manifolds with a pattern on the boundary in the following way.
A disc D ⊂ M is said to be pure if it does not intersect a pattern on the boundary. For boundary-irreducibility we require that each pure proper disc cuts off a ball (not intersecting a pattern). A boundary-incontractible surface F is a surface such that for each pure (improper) disc D 2 such that D 2 ∩ (∂M ∪ F ) = ∂D 2 and = ∂D 2 ∩ F is an arc in F , the arc cuts out a pure disc from the surface F .
Let F be a surface in the manifold (M, Γ) with a pattern on the boundary. An oriented 3-manifold M is said to be sufficiently large if it contains a proper incontractible boundary-incontractible surface different from S 2 and D 2 .
It is natural to consider the notion of a sufficiently large 3-manifold together with the properties of irreducibility and boundary-irreducibility. This leads us to the following definition.
A connected 3-manifold without boundary (therefore without a pattern on the boundary) is called a Haken manifold if it is irreducible, boundary-irreducible and sufficiently large.
A connected irreducible boundary-irreducible 3-manifold (M, Γ) with pattern Γ on the boundary is called a Haken manifold if it is either sufficiently large or if the pattern Γ is non-empty (so that ∂M is also non-empty) and M is a handlebody but not a ball.
to some annulus on the boundary ∂M or if the axis of this annulus A is contractible in the manifold M ; otherwise the annulus A is said to be essential.
An essential annulus S g × I (relative to a manifold from which a tubular neighbourhood of the link has been removed, see later), two components of which lie in different components of the boundary S g × {0} and S g × {1} is precisely the type of annulus along which we can carry out destabilization.
In the case of several components, a manifold is called a Haken manifold if each of its components is a Haken manifold.
We shall require the following result.
Proposition 1 (Jaco-Rubinstein-Thompson; see, for example, [29, 34] ). Every connected irreducible 3-manifold with non-empty boundary is either sufficiently large or a handlebody.
In what follows we shall be dealing with manifolds with a non-empty pattern on the boundary. In order for such a manifold to be a Haken manifold it suffices for us to verify that it is (more precisely, each connected component is) irreducible and boundaryirreducible, but not a ball.
Lemma 1 (Jaco-Rubinstein-Thompson; see, for example, [29, 34] ). There is an algorithm recognizing whether a given manifold M is reducible; if it is reducible, then the algorithm yields a 2-sphere S ⊂ M not bounding a ball in M .
Proposition 2 ([29]). Classical links are algorithmically recognizable.
This lemma follows from Haken's theory of normal surfaces; the proof is based on the following ideas; for each non-trivial indecomposable link the complement of an open tubular neighbourhood of it in S 3 is a Haken manifold. By endowing this manifold with a pattern on the boundary, we can recover the original link. After this the problem reduces to the problem of recognizing a Haken manifold; see [29] for details.
Proposition 3 ([29]
). There is an algorithm determining whether a given Haken manifold M with pattern Γ ⊂ ∂M on the boundary is a pure essential annulus. If there is such an annulus, then it can be constructed algorithmically.
We shall use this lemma to answer the question whether one can destabilize some realization of a virtual link. We consider a virtual link L and an arbitrary representation of it, that is, a pair (M, L), where M = M × I for some closed two-dimensional surface M and L is a link in M (for economy of notation we use the same letter L to denote the original link and its realization in M ). Let N be a small open tubular neighbourhood of L. We cut out N from M . As a result we obtain a manifold with boundary, which we denote by M L . The boundary of this manifold consists of components of the boundary of M (two if M is connected) and several tori; the number of tori is equal to the number of components of the link L. We endow each torus with a pattern Γ L on the boundary: this pattern is a meridian of the corresponding component with three points on it: we add points so as to convert the circle into a graph -a subgraph of some triangulation. In this way we obtain a manifold (M L , Γ L ) with a pattern on the boundary.
Clearly the virtual link L (and the pair (M, L)) can be recovered from (M L , Γ L ) since we know the method of constructing M by gluing solid tori to the components of the boundary of M L where the meridians of these solid tori are distinguished by the pattern. Proof. We can assume without loss of generality that the manifold M L is connected. In fact, we consider the connected components of M and if the link L does not have split classical components, then each of the components of the manifold (M L , Γ L ) is a Haken manifold; hence, so too is (M L , Γ L ) by definition.
We consider the connected case. In view of Proposition 1 it suffices for us to show that this manifold (or any of its connected components) with a pattern on the boundary is irreducible and boundary-irreducible; by definition, it cannot be a handlebody.
In the case g = 0 we are dealing with classical links. Suppose that g > 0. Then for each connected orientable two-dimensional surface S g the manifold S g × I is irreducible.
is an open neighbourhood of it, the manifold (S g × I)\N (L) will be reducible if and only if it contains a sphere bounding a ball in S g × {0, 1} containing some non-empty set of components of the link L. This means that these components form a classical sublink of L detached from the remaining components. This contradiction proves reducibility.
Next, since L is not a disjoint sum of a trivial knot with some virtual knot, the manifold M L is boundary-irreducible.
Indeed, each curve in S g × {0} or in S g × {1}, which can bound a disc in S g × I, is contractible to the boundary. Thus, boundary-reducibility can occur only when there is a proper disc with boundary lying in one of the tori, i.e., the boundary of one of the cut-out solid tori. This means that the component of the link corresponding to this solid torus is a split trivial knot.
Thus, the corresponding manifold is irreducible and boundary-irreducible and is therefore (by Proposition 1) a Haken manifold.
We now turn to the proof of the main theorem. Let L, L be virtual links. The recognition algorithm consists of a successive application of the following four steps:
Step 1. Consider some realization (M, L), (M , L ) of virtual links L, L . We construct the manifolds with patterns on the boundary corresponding to them. We denote these by (M L , Γ), (M L , Γ ). Step 2. We determine whether one of the manifolds M L or M L is reducible. If one of them is, then by Lemma 1 we can find a sphere not bounding a ball and in this way distinguish some split classical components of one (or both) links under consideration.
We make a change of notation: we denote by the old symbols M, M manifolds obtained from M, M by cutting out balls containing components of the link (followed by gluing balls in the holes). We also denote by L, L those sublinks of the links L, L that are left after removing the split classical components.
Step 3. We determine (in accordance with Proposition 3) whether it is possible to apply destabilization to one of the manifolds (M, L) or (M , L ). If it is possible, then we apply this destabilization and return to Step 2. We apply Steps 2 and 3 as long as this is possible. Clearly this process will stop after a finite time: at each step we either remove some set of components of the links or we reduce the underlying genus of one of the surfaces.
Classical links are algorithmically recognizable. Thus, we can compare the separately standing classical sublinks of the links L and L . If these two links are not isotopic, then we stop: the virtual links under consideration are not equivalent. Otherwise, we continue.
After applying the first three steps we reduce the problem to the case when the links have no split classical components and their realizations are minimal. So far, all the links are Haken manifolds (with a pattern on the boundary) by Lemma 2. Remark 4. The proof given above can also be carried out for the case of oriented virtual links and equipped virtual links.
The underlying genus of virtual knots
The aim of this section is to prove the following theorems. Theorem 5. Let K, K be two virtual knots. Then g(K 1 #K 2 ) g(K 1 ) + g(K 2 ) − 1; and in this case, if g(K 1 ) = 0 or g(K 2 ) = 0, then we have g(K 1 #K 2 ) g(K 1 ) + g(K 2 ).
As a consequence we get the following result. Theorem 6. If K 1 and K 2 are virtual knots such that some connected sum K 1 #K 2 of them is trivial, then both knots K 1 and K 2 are trivial.
Indeed, if at least one of the virtual knots K 1 , K 2 has an underlying genus greater than zero, then their connected sum has genus strictly greater than zero (by Theorem 5). In the case when both knots have genus zero we also need to take note of the following result. Lemma 3. If K 1 and K 2 are two classical knots and K 1 #K 2 is some connected sum of genus zero, then it is equivalent to a (well-defined) classical connected sum K 1 #K 2 .
This lemma follows directly from the proof of Theorem 5. The rest of Theorem 6 follows from the well-known fact that a connected sum of non-trivial knots is non-trivial; see, for example, [3] . 4.1. Two types of connected sum. Suppose that we are given two virtual knots K 1 and K 2 represented by knots in the thickened surfaces M 1 ×I and M 2 ×I. Then there are two natural possibilities for representing their connected sum by a knot in a thickened surface.
The first way is as follows. We consider the thickened surfaces (M 1 × I) ⊃ K 1 and (M 2 × I) ⊃ K 2 and we cut out two vertical solid cylinders D i × I, where D i ⊂ M i , such that each of the sets D i ∩ K i is homeomorphic to an interval. We then glue the manifolds (identifying ∂D 1 × I and ∂D 2 × I in accordance with the orientations of the manifolds and the direction of the interval I) and obtain (M × I) = ((M 1 #M 2 ) × I) with a knot inside (denoted by K 1 #K 2 ).
Clearly, in this case, g(M ) = g(M 1 ) + g(M 2 ). The second method of gluing the manifolds only works in special cases. Namely, we suppose that K 1 and K 2 lie in the manifolds M 1 × I, M 2 × I where both genera g(M 1 ) and g(M 2 ) are strictly greater than zero. We suppose further that there exist non-trivial (not null homotopic) simple curves γ 1 ∈ M 1 and γ 2 ∈ M 2 such that for the cylinders Γ i homotopic to (γ i × I) the intersection Γ i ∩ K i consists precisely of a single point (after a suitable homotopy these cylinders can be regarded as vertical). Then we can cut the manifolds (M i × I) along the cylinders γ i × I and then glue the resulting new components of the boundary (2i pieces). As a result we obtain a manifold M × I for which g(M ) = g(M 1 ) + g(M 2 ) − 1 with some connected sum K 1 #K 2 lying in M × I.
It turns out that by these two methods, in a certain sense all the essential possibilities for forming a connected sum of thickened surfaces in which three-dimensional manifolds lie are exhausted. Theorem 6 now follows from the above arguments.
4.2.
Plan of the proof of Theorem 6. We consider the virtual knots K 1 and K 2 and some connected sum of them K 1 #K 2 . We realize this connected sum as a knot in a thickened surface by the first method. We denote the corresponding surfaces by M 1 , M 2 , M 1 #M 2 , and we denote the knots lying in these thickened surfaces by the same letters and by the same virtual knots: K 1 , K 2 , K 1 #K 2 . We shall subject (M 1 #M 2 ) × I to transformations (destabilizations) and look at what happens to the knots. It suffices to construct the transformation process in such a way that the following conditions will hold at each moment:
(1) The ambient manifold M can be divided into two parts M 1 , M 2 that are manifolds with boundary such that each M i × I contains the knot K i (with broken ends). If we prove the existence of such a process, then we shall have proved Theorem 6. Indeed, at each moment the virtual knots K 1 and K 2 are represented by knots in thickened surfaces of genera g 1 and g 2 . The knot K 1 #K 2 lies in a surface of genus g 1 + g 2 if the connected sum is of the first type, or in a surface of genus g 1 +g 2 −1 if the connected sum is of the second type. Thus, when the process stops we have either g(K 1 #K 2 ) = g 1 + g 2 or g(K 1 #K 2 ) = g 1 + g 2 − 1, where the latter can occur only when we have a connected sum of the second type at the end (and thus both numbers g 1 and g 2 are non-zero). Bearing in mind that on the left-hand side we have an underlying genus -the genus of a minimal surface for the connected sum, while g i (i = 1, 2) is the genus of some (not necessarily minimal) surface for K i , we obtain the assertion of the theorem.
Furthermore, if at the end we obtain a representation for a connected sum of genus zero, that is, on the surface S 2 × I, then this representation will be the only way of forming the classical connected sum of the classical knots K 1 and K 2 . Here we have used Lemma 3.
Destabilization process.
In this subsection we describe a process which will complete the proof of Theorem 6.
Suppose that, using the ith method (i = 1 or i = 2), we have constructed the connected sum of the knots K 1 and K 2 . The main assertion is the following. Together with what we have discussed above, this process leads to a proof of Theorem 6.
Proof of Assertion 1. First we consider the case of a connected sum of the first type. We have M = M 1 #M 2 . To simplify the notation we shall use the same letters for manifolds with boundary (M 1 and M 2 as parts of M 1 #M 2 ) and manifolds without boundary (M 1 and M 2 ).
Suppose that we can carry out a destabilization for ((M 1 #M 2 ) × I, K 1 #K 2 ). Then there exists a vertical annulus C in M 1 #M 2 not intersecting the knot K 1 #K 2 . If this annulus does not intersect D, then destabilization along C relates only to one of the M i and does not affect M 3−i . This is the first case of Assertion 1.
Suppose that any annulus C along which we can carry out a destabilization intersects D. We shall consider only those annuli for which the intersection of C and D is transversal. In this case the annulus C consists of finitely many components. Let n be the minimal possible number of components of C ∩ D.
Since C and D are proper submanifolds with boundary (vertical cylinders), their intersection can consist of:
(1) trivial circles;
(2) trivial arcs;
(3) horizontal circles; (4) vertical arcs.
Here we call a circle trivial if it is a trivial element of the fundamental group of the annulus C; otherwise we call it horizontal. We call an arc trivial if it joins points on the same boundary component of the annulus; otherwise we call it vertical.
If the intersection C ∩ D has a trivial circle, then we can consider the innermost circle γ = ∂∆ (with respect to C). The interior of this circle contains no points of D. Since the disc ∆ along with a disc in D bounds a three-dimensional ball (see Figure 11 ) we can slightly modify the annulus C so that the total number of components of the intersection between C and D is decreased and at the same time C remains an annulus with nontrivial middle line (along which one can destabilize). The same situation arises in the case when we have a trivial arc; see Figure 12 .
Next we state two auxiliary lemmas.
Innermost disc
Disc Figure 11 . Non-horizontal arcs in A 1
y y Figure 12 . Moving crossings along non-vertical arcs Lemma 4. Let S g be an orientable surface of genus g and let ∆ be a disc embedded in S g . If a closed non-self-intersecting curve γ ∈ S g \∆ is trivial in S g and non-trivial in S g \∆, then it is parallel to ∂∆ (that is, γ ∪ ∂∆ bounds a cylinder in S g ).
Indeed, if the curve γ, which has no common points with ∆, bounds a disc in S g , then γ is contractible in S g \∆.
The next lemma is obvious.
Lemma 5. If a proper annulus C is freely homotopic to an annulus D in the class of proper annuli, then C has a non-empty intersection with the knot K 1 #K 2 .
Thus we can assume that the intersection C ∩ D either consists only of vertical arcs or only of horizontal circles (in general position the existence of a vertical arc contradicts the existence of a horizontal circle).
Suppose that the intersection consists only of horizontal circles. Then the annulus C is homotopic to the annulus D and, in accordance with Lemma 5, the annulus C intersects the knot K 1 #K 2 . This leads to a contradiction.
Suppose now that C ∩ D consists only of vertical arcs. Then C splits into 2k parts C 1 , . . . , C 2k , where the parts C 2l+1 lie in M 1 × I, while the parts of the form C 2l lie in M 2 × I, where l ∈ {1, . . . , k}. Thus the annulus C ∩ D splits into 2k radial sectors (more precisely, radial segments); some of these sectors contain points of intersection with the knot; see Figure 13 (they are indicated by thick lines). We denote these radial segments by r 1 , . . . , r 2k .
Next, each part C i of the annulus C is incident to two radii r j and r k . Here D divides these radii into two parts, which we denote by D + jk and D − jk . Further, there are four possible versions of the answer to the following two questions:
(1) Is it true that each of the two parts D + jk and D − jk intersects the knot in exactly one point ? (2) Is it true that the annulus obtained by gluing C i to one of the parts D + jk or D − jk cuts out a ball (so that if we glue C i to the other of these two fragments, then we obtain an annulus homotopic to D)? Figure 13 . Annulus C partitioned into sectors Remark 5. Here we have in mind that a proper surface (for example, an annulus) F ⊂ M intersects a ball if M \F consists of two connected components, one of which is a topological ball. In other words, F bounds a ball along with some part P of the boundary ∂M of M , so that P ∪ F is a sphere.
We consider the case when the answer to the first question is negative; that is, one of the two parts, say D + jk , does not intersect the knot (while the second part D − jk intersects the knot in two points).
If the annulus obtained by gluing C i to D + jk cuts out a ball, then we "extend" D + jk across C i ; this decreases the number of components of the intersection of C and D, which leads to a contradiction. If the annulus obtained by gluing C i to D − jk cuts out a ball, then the annulus C i ∪ D + jk is homotopic to D; thus it must intersect the knot. This again leads to a contradiction. If both answers are affirmative, then again we come to a contradiction; a knot cannot intersect the boundary of a ball in exactly one point.
If both answers are negative, then one of the gluings C i ∪ D + jk or C i ∪ D − jk gives a non-trivial annulus not intersecting the knot. By a small perturbation we can make this annulus not intersect the bridge D. Thus we arrive at a contradiction, namely, that C has the smallest intersection with D among all annuli along which one can destabilize.
Finally, if, say, D + jk contains precisely one point of intersection with the knot K 1 #K 2 , then the number of components of the intersection C ∩ D must be equal to two.
Indeed, if the number were greater than two, then it could be decreased by the method depicted in Figure 14 . More precisely, from among the parts C i of the annulus C we could choose just two and form from them a non-trivial annulus C along which the thickened surface (M 1 #M 2 ) × I with knot K 1 #K 2 inside could be destabilized. In other words, if we have more than two components in C i , then we can find two of them and reglue them so that the annulus C so obtained intersects the annulus D in a smaller number of curves and therefore does not intersect the knot K 1 #K 2 .
Thus, if the intersection C ∩ D is minimal (in the number of its components), then the number of components must be equal to two.
In this case, destabilization along such an annulus C changes the type of the connected sum: after this we obtain a connected sum of the second type.
In fact, after such a stabilization, the disc D splits into two parts and two of the points of intersection of the disc with the knot will be in different connected components.
The proof in the case when we have a connected sum of the second type (and destabilization converts it into a connected sum of the first type) proceeds in the same vein. Either there is the possibility of destabilizing one of the thickened surfaces M 1 or M 2 with the corresponding knot inside, or all the annuli along which one can carry out destabilization intersect M 1 ∩ M 2 (this set consists of two components). By considering an annulus having a minimal intersection with M 1 ∩ M 2 we arrive at a change of type of the connected sum (from second to first).
Discussion.
We have proved that, as in the case of classical knots, no virtual knot, apart from the trivial knot, can have an inverse. However, certain questions remain unclear. First, it is not properly understood whether a knot can have an unbounded decomposition, that is, can there exist a virtual knot K such that for each n we have K n1 # · · · #K nn for some non-trivial virtual knots K n1 , . . . , K nn ? This does not contradict the estimates that we have obtained for the genus of a virtual knot, since all the K ni can have genus equal to one, as can the knot K itself.
The answer to the above question is at present unknown; we conjecture that this cannot be the case. The answer to the following question is also unknown: can one have the equality K = K#L for some non-trivial virtual knots ?
Furthermore, there are important questions about the commutability of virtual knots. For this it will be convenient to go over from ordinary (compact) virtual knots to long virtual knots.
Long virtual knots and their invariants
Long virtual knots give planar diagrams. The planar diagram of a long virtual knot is a smooth submersion in general position of the oriented line R into the plane R 2 coinciding outside some sufficiently large disc with the identity embedding of the Ox axis; each crossing is either virtual or classical; in the latter case one indicates which branch goes above and which goes below (in the planar diagram the lower arc has a break).
In what follows we will be looking at oriented long knots and will suppose that they are oriented from left to right along the Ox axis.
Two such submersions (diagrams) are said to be equivalent if one of them can be obtained from the other by a finite sequence of generalized Reidemeister moves, each of which is carried out inside a preassigned disc, and planar isotopies.
A trivial long knot is an equivalence class of diagrams having no crossings. Long virtual knots admit the well-defined operation of taking the connected sum; for this one needs to place one of the long knots K 2 on an interval immediately to the right of the other long knot K 1 . We shall use the same notation as for compact virtual knots: K 1 #K 2 ; by contrast with the case of classical knots this operation is unique for long knots.
Thus the semigroup W of long virtual knots is well defined. We present some new invariants of long virtual knots and demonstrate that with their help one can establish by simple means the non-triviality of various long virtual knots, as well as their non-commutativity (an effect that cannot happen in the classical case). These invariants are constructed starting from the combinatorics of the diagram of a long virtual knot and are algebraic objects generated by "arcs" -parts of the diagram -and certain formal operations. The invariance of such objects (with respect to Reidemeister moves) brings about the existence of certain formal operations.
Definition 4.
By an arc of the diagram of a long virtual knot we mean a connected component of the set obtained by removing from it all virtual crossings, supposing that the branch forming the underpass is disconnected as is usually depicted in the plane.
In this sense an arc (if it is compact) starts and finishes either in a virtual crossing or an underpass, as long as it is forming overpasses. Furthermore, there are two unbounded arcs: a beginning one and an ending one, which can coincide in the case when there are no crossings.
The results of this section are published in abbreviated form in [26] . Next we give certain invariants of long virtual knots with the help of which we can answer questions of the following form:
(1) Given virtual knots K 1 and K 2 that have equivalent closures, are they equivalent ? (2) Do given long virtual knots K 1 and K 2 commute ? In particular, if long virtual knots K 1 and K 2 do not commute, then neither of them can be classical.
In this section we describe a generalization of certain invariants of classical and virtual knots to the case of long knots. The main idea is the following. Suppose that we construct an invariant starting from the planar diagram of a knot by associating the knot with some algebraic object and associating parts of this diagram -elements of this object and crossings -with certain relations in this object (which we shall use to prove the invariance). Then in the case of long knots we have the following additional information:
(1) The initial and final (non-compact) arcs of the long knot play a special role of distinguished elements. (2) There are two essentially different types of classical crossings: those in which the overpass is early (in accordance with the orientation of the long knot) with respect to the overpass and those in which the underpass is early.
These two observations are also applicable to the case of long classical knots, but they play a particularly striking role in the case of long virtual knots.
By having a diagram of a virtual knot (not a link) we can break it at some point and by stretching the ends to infinity obtain the diagram of a long virtual knot; see Figure 15 . In the case of classical knots this operation is well defined; that is, it does not depend on the breaking point. In the case of long knots this is not so.
Long groupoid.
We consider the following algebraic formalism (which is a generalization of the construction put forward in [21] , which, in turn, is related to the constructions [11, 28] ). Suppose that we are given a set X with unary operations f, f −1 and binary operations •, /, * , // satisfying the following axioms (the geometric meaning of which relates to Reidemeister moves):
(1) ∀x ∈ X :
(2) The operations * and • are distributive with respect to themselves and each other (on the right). Relations of type 5 are called strange relations. It might be thought that each relation of type 5 (for example, z • (x • y) = z • (x * y)) leads to a contradiction (supposing that • is not identically the same as the operation * ). However, as it turns out, this is not the case. The fact is that the operation • (as well as * ) is invertible only on one side (on the left).
Any set endowed with the operations f, •, * , /, // with the properties described above is called a long groupoid (LG).
With each finite collection of generators we can associate a free long groupoid generated by this collection. To do this we need to take the generators a 1 , . . . , a k , construct the set of admissible words, i.e., words obtained successively from the generators via the operations •, /, * , //, f , and factor with respect to all the axiomatic relations of a long groupoid.
Consider the diagramL of a long virtual knot. We associate with its arcs elements a = a 1 , . . . , a n = b (here a corresponds to the starting non-compact arc and b the ending non-compact arc) and we choose them as the generators of a free long groupoid. We then factor this long groupoid by the following relations arising from the crossings of the diagramL.
If two arcs u and v are adjacent to a virtual crossing from opposite sides, where the arc u is on the left with respect to an oriented arc coming out of this crossing and differing from u and v, then we write the relation as v = f (u).
At each classical crossing there are three arcs. One of them (denoted by y) goes across the crossing, another (denoted by x) lies to the right of it, and a third (denoted by z) lies to the left. In this case, we write the relation x • y = z for the corresponding elements if the arc y occurs in the long knot earlier than the arcs x and z, or x * y = z otherwise.
Having factored the free long groupoid generated by the elements a 1 , . . . , a n by the relations described above we obtain a long groupoid denoted by M ; in the set M we denote the starting and ending arcs of the long virtual knot (more precisely, their equivalence classes) by a and b.
The main result of this subsection is the following.
Theorem 7. The triple (M, a, b) constructed above and considered to within the natural isomorphism, is an invariant of long virtual knots under the hypothesis that the axioms described above hold.
It is obvious that for a trivial long knot U the long groupoid is generated by the single element a = b.
Proof of Theorem 7. In the paper [21] , a proof is given of the invariance of a virtual groupoid with the operation •. The proof of this invariance follows from the verification of all the Reidemeister moves. Now, in the case of a long groupoid with the operations • and * one must be aware of the type of the classical crossing encountered in the given Reidemeister transformation. In purely virtual Reidemeister moves, classical crossings are entirely absent. In the case of a semivirtual and first virtual move we have exactly one classical crossing and it has a definite type: either • or * . Therefore the proof of the invariance of the triple (M, a, b ) is exactly the same as in the case with one operation •; one merely needs to bear in mind that M is a virtual groupoid both with respect to the operation • and with respect to the operation * . The same holds in the case of the second classical Reidemeister move: we have two classical crossings; moreover they both have the same type: either both use the operation • or both use the operation * .
(a) (b) (c) (d) Figure 16 . Verification of invariance with respect to the move Ω 3
Thus the most interesting case is the third classical Reidemeister move in which at least one of the operations •, / participates along with at least one of the operations * , //. Obviously it suffices to consider only the cases indicated in Figure 16 In each of these cases we have three "entrances" and three "exits": the elements of the groupoid at the exit are expressed in terms of elements of the groupoid at the entrance. One needs to show that the expression does not change in the case when one applies the third Reidemeister move.
In each of the four cases (a)-(d) everything is in order with the generators p and q (p goes above, therefore at the exit we have a mark coinciding with the entrance mark, and the element q is subjected to the action of p equally in the case before the application of the Reidemeister move and in the case after the Reidemeister move). Thus the only case that remains to be verified is the exit corresponding to the entrance r.
In each figure, corresponding to each crossing there is an operation α, β or γ from the list {•, * , /, //} (by applying this operation to the arc going below and to the underpass arc we obtain the corresponding overpass arc).
In the case (a) we have: each of the operations α, β, γ is "multiplication", that is, either • or * .
Thus in the Reidemeister move depicted in the left upper corner we have: (rγq)αp in the left half and (rαp)γ(qβp) in the right half. But, in view of the long-groupoid axiom we have (rγq)αp = (rαp)γ(qαp). This last expression is equal to (rαp)γ(qβp) in accordance with the strange relation (since both β and α are multiplication operations).
Next we consider the case (b). Here γ is multiplication and α and β are divisions. Thus we have the same equation:
(rγq)αp = (rαp)γ(qαp) = (rαp)γ(qβp) .
The same equation holds also in the cases depicted in parts (c) and (d): one merely needs to note that both operations α and β are either multiplications (as in the case (c)) or they are both divisions. The rest of the proof is obvious.
Examples.
It is known that breaking the same compact virtual knot at different points leads in general to different (inequivalent) long virtual knots. A famous example is the Kishino knot (see Figure 17 ). The non-trivial knot depicted in the figure is obtained as the connected sum of two trivial knots. The non-triviality of the Kishino knot can be proved in various ways: by considering the Kauffman polynomial of the structure of the knot (see [18] ), using Fenn's approach using quaternionic bigroups ( [1] ) and considering the polynomial Ξ, which is a modification of the Jones-Kauffman polynomial put forward in [22] . In particular, it follows from the non-triviality of the Kishino knot that each of the two long knots forming it is non-trivial. Consider the long virtual knots depicted in Figure 18 . First we show that neither of them is equivalent to a trivial long knot. For this we use a linear long groupoid in the form of modules over the ring Z 16 with the following structure:
a b Figure 18 . Two long virtual knots obtained by breaking a trivial knot
We show that for neither of them is the generator corresponding to the starting arc a equal to the generator corresponding to the ending arc b.
For the first knot (Figure 18a) we denote by c the arc following after a. We have:
For the second knot (see Figure 18b ) we denote by c the upper ("short") arc. We have:
. For neither of these cases does the equality a = b hold. Thus neither of the long knots depicted in Figure 18 is trivial.
If we consider the ring Z 25 with the operation a•b = 6a−5b and a * b = 11a−10b, f (x) = 3x, we see that the two knots depicted in Figure 18 are in fact inequivalent: in the first case we have a = 11b, and in the second case a = 6b.
Long knots do not commute in general.
It is known that any two classical knots commute. In this subsection we give an example of two long virtual knots that do not commute. This was first discovered in [26] . Theorem 8. Let L, L be two long knots with L classical (that is, we have a long diagram without virtual crossings). Then L and L commute.
Proof. In fact, we can make the long knot L very small and pull it through L . In dragging it through the virtual crossings we have to apply a bypass move (or, which is equivalent, only pure virtual and semivirtual Reidemeister moves) (see Figure 19 ); when pulling through classical intersections we apply classical Reidemeister moves.
In the case of virtual knots we cannot carry out this proof because we cannot "pull" a line consisting of classical crossings through virtual crossings: we have obstructions to the motion.
We denote the knot depicted in Figure 18a by K 1 and the knot depicted in Figure 18b by K 2 . Theorem 9. The long virtual knots K 1 #K 2 and K 2 #K 1 are not equivalent.
Proof. We shall use the linear long groupoid represented by the module M over the ring Z 43681 = Z 11 2 ·19 2 . We shall mark the elements of the long groupoid corresponding to the starting and ending arcs of the long knots under consideration.
We define the operations •, * and the function f as follows: We have:
(1 + (s − 1)k) = 1 + (19 · 122) · 70 = 1 + 19 · 70 + 19 · 121 · 70 = 1331 + 19 · 121 · 70, which is divisible by 121 in the module of the knot K 1 . Thus we see from the first equation of (3) that the initial element a is divisible by 121 in view of the invertibility of the element s.
Since a is a starting arc in K 1 the element of the module corresponding to the starting arc of any connected sum K 1 #L is divisible by 121. In particular, this holds for the long knot K 1 #K 2 .
We claim that in general this is not the case for the knot K 2 #K 1 . Consider the knot K 2 in the lower half of Figure 20 . The equations for the generators x, y, z of the module are as follows:
Thus, z can be expressed in terms of x and y, resulting in the single equation (5) (kt + (s − 1))y = (ks + (t − 1))x.
Hence ks + (t − 1) = 70 · (20 + 121 · 19) + 19 = 162 311 ≡ 88 (mod 121).
The coefficient of x in formula (5) is divisible by 11 but is not divisible by 121. We collect together the equations for the connected sum K 2 #K 1 . The starting arc corresponds to the generator x. We must identify y = a (since we are choosing a connected sum); in addition, we have the arcs b and c. Equations (5) We denote the module so obtained by M. We claim there is no element T in it such that 121 · T = x.
Assume the contrary. Consider the homomorphism h : M → Z (11·19) 2 given by the maps
In fact, this map gives a module homomorphism. The second and third of equations (6) hold trivially since both sides are equal to zero. In the first equation we have zero on the left-hand side and (ks + (t − 1))(11 · (19) 2 ) on the right-hand side. But as we have shown, (ks + (t − 1)) is divisible by 11; therefore the right-hand side also vanishes.
By hypothesis, 121 · h(T ) = h(x) = 11 · (19) 2 in Z 11 2 ·19 2 , which is impossible. This contradiction completes the proof of the theorem.
It follows from the fact that two long virtual knots do not commute that each of them is non-trivial and non-classical and they are inequivalent.
Finally we state the following conjecture for long virtual knots. Conjecture 1. If K and K are two long virtual knots such that K#K and K #K are equivalent, then there exists a long virtual knot L, long classical knots Q, Q and non-negative integers m, n such that
where L m denotes the connected sum of m copies of the knot L.
Concluding remarks.
We note that the linear model (described above) of a long groupoid is not unique. There exist other models of a long groupoid as well as other generalizations that lead to invariants of long virtual and classical knots. We content ourselves with giving just one explicit formula and some general arguments. Let G be a finite group, k a positive integer coprime with the order of the group such that for any two elements a, b ∈ G we have ab k a −1 b −k ∈ Z(G), where Z(G) is the centre of G.
Then the formulae a • b = bab −1 , a * b = b k+1 ab −k−1 define a long groupoid if one takes as the operation f any automorphism of G.
Furthermore, one can consider the analogous formalism when, in the classical crossing, the mark on the arc passing overhead is subjected to a change: in this case we can assume that the marks are associated with the parts of the diagram of the knot at which it is partitioned by any crossings. Then at each classical crossing in the linear case we can consider the transition matrix: one can reconstruct the two upper marks from the two lower marks.
We shall not write down the axioms for such objects (they are called bigroupoids and virtual bigroupoids: see, for example, [5, 16, 17] ). We note that for bigroupoids one can also construct a generalized formalism leading to invariants of long virtual knots.
